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Abstract
By extrapolating the groups to the negative dimensions in the model
found by Pouliot and Strassler we nd a new chiral-nonchiral duality. The
electric theory is N = 1 supersymmetric SU(N + 4) gauge theory with N
antifundamentals and an antisymmetric tensor and the magnetic theory is
N = 1 supersymmetric Spin(8) gauge theory withN fundamentals, a spinor







In a couple of years, the understanding of non-perturbative properties of super-
symmetric gauge theories has been rapidly enlarged. Especially, duality proposed by
Seiberg [1] gives a clue to analyze the strong interaction dynamics. Though many au-
thors [2] have suggested dualities which have various gauge groups ( SU; SO; SP group
and their product group ), various matter contents (at most 2-index tensor ), there
are only few models with chiral-nonchiral duality. These are mysterious models since
chiral and nonchiral theories become equivalent in the infrared. To understand such
models more deeply, it is desirable to investigate other possibilities.
In this paper, we have found a new chiral-nonchiral duality using a trick of negative
dimensional groups. This trick is powerful because knowing one duality, we can nd an-
other model which automatically satises 't Hooft anomaly matching conditions [3]. As
a consistency check, we discuss operator mapping, anomaly matching, superpotential
deformation, at directions deformation.
The idea of negative dimensional groups is not new and goes back to Penrose [4]
who has constructed the SU(2) ( = SP (2) ) representations in terms of SO( 2). Since
then many relations have been observed among the expressions for the SU(N), SO(N)
and SP (N) group invariants under the substitution N !  N [5]. On the other hand,
Parisi and Sourlas [6] have observed that a Grassmann space of dimension N can be
interpreted as an ordinary space of dimension  N . In supersymmetric theories the
N !  N relations are, in a sense, built in and we are going to utilize this property in
this paper.
2 Similarities in SO and SP duality
In order to show the advantages of our trick of negative dimensional groups we focus
here on dualities with SO and SP gauge groups
1
. It is well known that these models
strongly resemble each other in appearance. As an example, we shall take the model
proposed by Intriligator [7]. In Ref.[7], duality in supersymmetric SO and SP gauge









in the fundamental representation and a
1
As will be explained later, SU(N) group is self-dual under N !  N . Therefore we don't discuss
SU group here.
2
In order to see the relation with the SP groups we are restricting our discussion to the even
dimensional SO(2N
c





















































in the fundamental representation, a symmetric
traceless tensor Y and singlets M
j


























































On the other hand, the electric theory of SP dual model is a N = 1 supersymmetric
SP (2N
c




in the fundamental representation and an
antisymmetric traceless tensor X
3



























In this paper, we denote the symplectic group as SP (2N
c




























in the fundamental representation, an antisymmetric
traceless tensor Y and singletsM
j


























































It is easy to recognize that the representations and the charges of elds are quite similar.
Futhermore, it can be seen that we can obtain SP (SO) duality from the SO(SP )








and exchanging a symmetric
(an antisymmetric) tensor for an antisymmetric (a symmetric) tensor. This feature is
not specic to these models and is applicable to SO; SP dual models discovered so far
[2].
Group theoretically, these can be anticipated by considering the negative dimen-
sional groups rst proposed by Penrose [4]. This is a technique to calculate the algebraic
invariants. Using this technique, we can nd the peculiar relations for dimensions of
the irreducible representations of the classical groups SU(N); SO(N); SP (N) [5]. If 
s
is a Young tableau with s boxes and if the dimensions of the correponding irreducible





























 stands for the "transposed" (rows and columns interchanged ) Young tableau.
Moreover, it is useful to give the relations among the generalized Casimirs of the



























(r; 0;    ; 0); (13)
where C
p
(1; 1;    ; 1) and C
p
(r; 0;    ; 0) mean the p-th order generalized Casimir in
totally antisymmetric and totally symmetric rank-r tensor representations respectively.
These relations Eqs.(9)-(13) are necessary to take anomaly matching conditions into
account.













where the overbar means symmetrization and antisymmetrization are interchanged.
Since the supersymmetric theories are "invariant" under this interchange we can
use this technique as a useful method of obtaining a dual model from another dual
model through the extrapolation to the negative dimensional groups. The procedures
are :









 Interchange the symmetrization and antisymmetrization of the representations.
We can actually convince ourselves that with these procedures Eq.(7) follows from
Eq.(3). This negative dimensional group technique is very powerful since the anomaly
matching is automatically satised.
3 A new chiral-nonchiral duality through the neg-
ative dimensions
In this paper, we apply this technique to the chiral-nonchiral duality proposed by
4
Pouliot and Strassler [8]. The electric theory of this model is N = 1 supersymmetric
SU(N   4) gauge theory with N elds Q
i
in the antifundamental representation and a
symmetric tensor S. The anomaly free global symmetries are SU(N) U(1) U(1)
R
.




N; 2N   4;
6(N   5)







(N + 1)(N   4)
!
: (15)
The superpotential vanishes, that is, W = 0. The magnetic theory is N = 1 su-
persymmetric Spin(8) gauge theory with N elds q in the eight dimensional vector
representation, a spinor representation p and singlets M;U
4
. The anomaly free global














































Upp. From this duality, we can
obtain a new chiral-nonchiral duality using the negative dimensional group technique,
the extrapolation is N $  N in this case. The electric theory is N = 1 supersymmetric
SU(N + 4) gauge theory with N elds Q
i
in the antifundamental representation and
an antisymmetric tensor S. The anomaly free global symmetries are SU(N) U(1)
U(1)
R

















Spin(8) is an universal covering group of SO(8), which has dimension 28 and three 8 dimensional
representations, the vector, spinor and conjugate spinor representations.
5
The superpotential W = 0. This theory is asymptotically free. The magnetic theory is
N = 1 supersymmetric Spin(8) gauge theory with N elds q
i
in the eight dimensional
vector representation, a spinor representation p and singlets M;U . The anomaly free

































The magnetic superpotential is W
m
= Upp. This theory is asymptotically free, if
N < 17. Note that the signs of U(1) charge of q and U(1)
R
charge of fermionic
component of q are opposite. In this technique, there are always ambiguities of the
sign. This sign should be determined so that 't Hooft anomaly matching conditions
are satised.
4 Consistency checks on duality
In this section, we present the evidences that we believe these theories are dual.
We rst present the operator mapping between the electric and the magnetic theories,





As mentioned in the previous section, 't Hooft anomaly matching conditions are auto-
matically satised. In fact we can write down explicitly,
(SU(N))
3






























  31N + 18
2(N   1)
;



























(N) are the cubic and the quadratic SU(N) Casimirs in the fundamen-
tal representations.
We next consider another check in terms of the superpotential deformation as dis-
cussed in Ref.[8]. If we add the operator U = (detS)
 1
to the electric superpotential, the
corresponding theory is obtained by applying the negative dimensional group technique
to the model in Ref.[9]. In the magnetic theory, the superpotential is W = U + Upp.
From the equation of the motion for U , hppi is non-zero, which breaks Spin(8) to
Spin(7) and turns the N vectors q of Spin(8) to the N eight-dimensional spinors of
Spin(7). The eective superpotential becomes W
eff
= 0. This theory can also be ob-
tained by applying the negative dimensional group technique to the model in Ref.[9]
5
.
We can also deform the theory along the at direction. If hUi 6= 0, the electric
gauge group SU(N+4) is broken to SP (N+4) with N fundamentals. In the magnetic
theory, two spinors become massive and should be integrated out. The low energy
theory is SO(8) gauge theory with N vectors. These theories are dual to each other
and can be obtained by applying our technique to the model in Ref.[1].
These results are non-trivial chechs on the duality.
5 Summary and Discussion
We have seen in this paper that we can nd a new chiral-nonchiral duality through
the extrapolation to negative dimensional groups. In the case of the nonchiral SO; SPduality,
we can derive SP (SO) duality from SP (SO)duality using this technique. Naively,
SU=SP duality is conjectured from SU=Spin duality [8]. However, the result is not
so straightforward in the case of chiral-nonchiral duality. The advantage of this tech-
nique is that it enables us to construct the duality where 't Hooft anomaly matching
conditions are automatically satised. It is interesting to see whether this technique
5
Although it is not shown here explicitly that these obtained models are dual, one can easily verify
this is true.
7
is applicable to other groups. The weak point is that when there is no known duality
model this technique is powerless.
We have described the substitution N !  N just as a useful trick for studying the
duality structures of supersymmetric theories leaving aside the direct signicance it
might have in such theories. Thus it can be interesting to study the symmetries under
N !  N directly in the supersymmetric theories where duality is realized explicitly.
We hope to report elsewhere these together with the related problems.
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